Abstract. We provide the twisted Alexander polynomials of finite abelian covers over three-dimensional manifolds whose boundary is a finite union of tori. This is a generalization of a well-known formula for the usual Alexander polynomial of knots in finite cyclic branched covers over the three-dimensional sphere.
Introduction
The classical Alexander polynomial is defined for null-homologous knots in rational homology spheres, where null-homologous means that the homology class of a knot is trivial in the first homology group with Z-coefficients of the ambient space.
If the pair (M ,K) of a rational homology sphereM and a null-homologous knot K inM is given by a finite cyclic branched cover over S 3 branched along a knot K, whereK is the lift of K, then we can compute the Alexander polynomial ofK by using the well-known formula ∆K(t) = ξ∈{x∈C | x k =1} ∆ K (ξt) up to a factor ±t a (a ∈ Z)
where k is the order of the covering transformation group, ξ runs all over the k-th roots of unity and ∆ K (t) is the Alexander polynomial of K. Such formulas have been investigated from the viewpoint of Reidemeister torsion for a long time. In particular, V. Turaev gave a formula for the Alexander polynomial ofK in a finite cyclic branched cover over S 3 , and a generalization in the case of links in general three-dimensional manifolds (we refer to [Tur86, Theorems 1.9.2 and 1.9.3 ]).
The purpose of this paper is to provide the generalization of the above formula giving the Alexander polynomial of a knot in a finite cyclic branched cover over S 3 to a formula for the twisted Alexander polynomial of finite abelian covers, which is a special kind of Reidemeister torsion. Especially, we also consider the twisted Alexander polynomial for a link in a three-dimensional manifold from the viewpoint of Reidemeister torsion in the same way as V. Turaev. But to deal with finite abelian covers beyond finite cyclic covers, we adopt the approach of J. Porti in his work [Por04] . Porti gave a new proof of Mayberry-Murasugi's formula, which gives the order of the first homology group of finite abelian branched covers over S 3 branched along links, by using Reidemeister torsion theory. We call the twisted Alexander polynomial the polynomial torsion regarded as a kind of Reidemeister torsion.
In this paper, we are interested in the Reidemeister torsion for a finite sheeted abelian covering. We are mainly intested in link exteriors in homology three-spheres and their abelian covers. Our main theorem (see Theorem 1) is stated for an abelian coverM → M between two three-dimensional manifolds whose boundary is a finite union of tori as follows
where ∆ ϕ⊗ ρ M (t) and ∆ (ϕ⊗ρ)⊗ξ M (t) are the signed twisted Alexander polynomials,Ĝ is the set of homomorphisms from the covering transformation group G to the nonzero complex numbers and ǫ is a sign determined by the homology orientations of M and M .
To be more precise, we need two homomorphisms of the fundamental group to define the twisted Alexander polynomial of a manifold. The symbol ϕ denotes a surjective homomorphism from π 1 (M ) to a multiplicative group Z n and ρ denotes a representation of π 1 (M ), i.e., a homomorphism from π 1 (M ) to a linear automorphism group Aut(V ) of some vector space V (see Section 3 for the definition of the polynomial torsion). In the definition of the twisted Alexander polynomial of M , we use the pull-backs ϕ and ρ of ϕ and ρ to π 1 (M ). The homomorphisms ϕ and ξ determine variables in the twisted Alexander polynomial ofM . In our main theorem, we assume that the composition of ξ with the quotient homomorphism
When we chooseM → M as a finite cyclic cover of a knot exterior
and ρ is the one-dimensional trivial representation, Theorem 1 reduces to the classical formula for the Alexander polynomial ofK, whereK is the lift of the knot in the finite cyclic branched cover over S
up to a factor ±t a (a ∈ Z), where k is the order of π 1 (M )/π 1 (M ). Our formula also provides the Alexander polynomial of a link in finite abelian branched covers over S 3 branched along the link.
Organization
The outline of the paper is as follows. Section 2 deals with some reviews on the sign-determined Reidemeister torsion for a manifold. In Section 3, we give the definition of the polynomial torsion (the twisted Alexander polynomial) for a manifold whose boundary is a finite union of tori. In Section 4, we consider the polynomial torsion of finite abelian covering spaces (see Theorem 1).
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Preliminaries
2.1. The Reidemeister torsion. We review the basic notions and results about the sign-determined Reidemeister torsion introduced by V. Turaev which are needed in this paper. Details can be found in Milnor's survey [Mil66] and in Turaev's monograph [Tur02] .
Torsion of a chain complex. Let
be a chain complex of finite dimensional vector spaces over a field F. Choose a basis c (i) of C i and a basis h i of the i-th homology group H i (C * ). The torsion of C * with respect to these choices of bases is defined as follows.
For each i, let b i be a set of vectors in 
Here
where
Torsion of a CW-complex. Let W be a finite CW-complex and (V, ρ) be a pair of a vector space with an inner product over F and a homomorphism of π 1 (W ) into Aut(V ). The vector space V turns into a right Z[π 1 (W )]-module denoted V ρ by using the right action of π 1 (W ) on V given by v · γ = ρ(γ) −1 (v), for v ∈ V and γ ∈ π 1 (W ). The complex of the universal cover with integer coefficients C * ( W ; Z) also inherits a left Z[π 1 (W )]-module structure via the action of π 1 (W ) on W as the covering group. We define the V ρ -twisted chain complex of W to be
The complex C * (W ; V ρ ) computes the V ρ -twisted homology of W which is denoted by H * (W ; V ρ ).
Let e i 1 , . . . , e i ni be the set of i-dimensional cells of W . We lift them to the universal cover and we choose an arbitrary order and an arbitrary orientation for the cells ẽ 
. We call the basis c * = ⊕ i c i a geometric basis of C * (W ; V ρ ). Now choosing for each i a basis h i of the V ρ -twisted homology
We mainly consider the torsion of acyclic chain complexes C * (W ; V ρ ), i.e., the homology group H * (W ; V ρ ) = 0. For acyclic chain complex C * (W ; V ρ ), this definition only depends on the combinatorial class of W , the conjugacy class of ρ, the choices of c * . The basis c * for C * (W ; V ρ ) depends on the following choices:
1. an order of cells {e Therefore we usually consider the torsion Tor(C * (W ; V ρ ), c * , ∅) up to the above indeterminacy, namely up to a factor ± det ρ(γ) for some γ in π 1 (W ).
We can construct the additional sign term referred to in Remark 3 as follows. The cells ẽ where m = dim F V . This sign refinement also works for the chain complex C * (W ; V ρ ) with non-trivial homology group. When the dimension of V is even, we do not need the sign refinement, i.e., the torsion Tor(C * (W ; V ρ ), c * , ∅) is determined up to det ρ(γ) for some γ in π 1 (W ).
One can prove that the sign-refined Reidemeister torsion is invariant under cellular subdivision, homeomorphism and simple homotopy equivalences. In fact, it is precisely the sign (−1) |C * | in Equation (1) which ensures all these important invariance properties to hold (see [Tur02] ).
Definition of the polynomial torsion
In this section we define the polynomial torsion. This gives a point of view from the Reidemeister torsion to polynomial invariants of topological space.
Hereafter M denotes a compact and connected three-dimensional manifold such that its boundary ∂M is empty or a disjoint union of b two-dimensional tori:
In the sequel, we denote by V a vector space over C and by ρ a representation of π 1 (M ) into Aut(V ), and such that det ρ(γ) = 1 for all γ ∈ π 1 (M ).
Next we introduce a twisted chain complex with some variables. It will be done by using a Z[π 1 (M )]-module with variables to define a new twisted chain complex. We regard Z n as the multiplicative group generated by n variables t 1 , . . . , t n , i.e.,
and consider a surjective homomorphism ϕ : π 1 (M ) → Z n . We often abbreviate the n variables (t 1 , . . . , t n ) to t and the rational functions C(t 1 , . . . , t n ) to C(t).
When we consider the right action of π 1 (M ) on V (t) = C(t) ⊗ V by the tensor representation
we have the associated twisted chain C * (M ; V ρ (t)) given by
where f ⊗ v ⊗ γ · σ is identified with f ϕ(γ) ⊗ ρ(γ) −1 (v) ⊗ σ for any γ ∈ π 1 (M ), σ ∈ C * ( M ; Z), v ∈ V and f ∈ C(t). We call this complex the V ρ (t)-twisted chain complex of M . Definition 1. Fix a homology orientation on M . If C * (M ; V ρ (t)) is acyclic, then the sign-refined Reidemeister torsion of C * (M ; V ρ (t))
is called the polynomial torsion of M .
Observe that the sign-refined Reidemeister torsion ∆ ϕ⊗ρ M (t 1 , . . . , t n ) is determined up to a factor t 
If the representation ρ ∈ Hom(π 1 (E K ); Q) is the trivial homomorphism and ϕ is the abelianization of π 1 (E K ), i.e., ϕ : π 1 (E K ) → H 1 (E K ; Z) ≃ t , then the twisted chain complex C * (E K ; Q(t) ρ ) is acyclic and the Reidemeister torsion ∆ ϕ⊗ρ EK (t) is expressed as a rational function which is the Alexander polynomial ∆ K (t) divided by (t − 1) (see also [Tur01, Tur02] ).
We suppose that L has n components, where n 2. We denote by µ i the meridian of the i-th component. Consider the abelianization ϕ :
be the onedimensional representation such that ρ(µ i ) = ξ i . Then the twisted chain complex 5 C * (E L ; C(t) ρ ) is acyclic and the Reidemeister torsion ∆ ϕ⊗ρ EL (t 1 , . . . , t n ) is given by (up to ±(ξ
4. Torsion for finite sheeted abelian coverings 4.1. Statement of the result. LetM be a finite sheeted abelian covering of M , where M denotes a compact and connected three-dimensional manifold such that its boundary ∂M is empty or a disjoint union of b two-dimensional tori:
We denote by p the induced homomorphism from π 1 (M ) to π 1 (M ) by the covering mapM → M . The associated deck transformation group is a finite abelian group G of order |G|. We endow the manifolds M andM with some arbitrary homology orientations.
We have the following exact sequence:
When we consider the polynomial torsion forM , we use the pull-back of homomorphisms of π 1 (M ) as homomorphisms of π 1 (M ). We denote by ϕ a surjective homomorphism from π 1 (M ) to Z n and by ϕ the pull-back by p. We also suppose that π factors through ϕ. Our situation is summarized as follows:
Similarly we use the symbol ρ for the pull-back of ρ : π 1 (M ) → Aut(V ) by p, where V is a vector space. For homomorphisms of the quotient group G ≃ π 1 (M )/π 1 (M ), we use the Pontrjagin dual of G which is the set of all representations ξ : G → C * = C \ {0} from G to non-zero complex numbers. LetĜ denote this space.
We give the statement of the polynomial torsion for abelian coverings via that of the based manifold. Theorem 1. With the above notation, we suppose that the twisted chain complex C * (M ; V ρ (t)) is acyclic. Then the twisted chain complex C * (M ; V ρ (t)) is also acyclic and the polynomial torsion is expressed as
where ǫ is a sign equal to
Remark 4. As we already observed, the sign term in Equation (4) is not relevant when m is even.
Remark 5 (Explanation of Formula (4) with variables). If we denote byξ the composition ξ •π as in the following commutative diagram
then Formula (4) can be written concretely as follows:
In the special case where n = 1, G = Z/qZ andM is the q-fold cyclic covering M q of M , then we have thatξ(t) = e 2πk √ −1/q , for k = 0, . . . , q − 1. Hence we have the following covering formula for the polynomial torsion.
Corollary 1. Suppose that ϕ(π 1 (M )) = t and ϕ(π 1 (M q )) = s ⊂ t , where we suppose that s = t q . We have
The torsion ∆ ϕ⊗ρ Mq (t q ) in Corollary 1 can be regarded as a kind of the total twisted Alexander polynomial introduced in [SW09] . Hirasawa and Murasugi [HM07] worked on the total twisted Alexander polynomial for abelian representations as in Example 1 and they observed the similar formula as in Corollary 1 in terms of the total Alexander polynomial and the Alexander polynomial of a knot in the cyclic branched coverings over S 3 .
4.2. Proof of Theorem 1. We use the same notation as in Remark 5. First observe the following key facts:
• the universal cover M of M is also the one ofM ,
• the torsion ∆ ϕ⊗ρ M is computed using the twisted complex V ρ (t 1 , . . . , t n ) ⊗ Z[π1(M)] C * ( M ; Z),
• whereas the torsion ∆ ϕ⊗ρ M is computed using V ρ (t 1 , . . . , t n ) ⊗ Z[π1(M)] C * ( M ; Z).
Lemma 2. Let x ∈ V ρ (t 1 , . . . , t n ), c ∈ C * ( M ; Z). For γ ∈ π 1 (M ), xγ −1 ⊗ π1(M ) γc only depends on π(γ) ∈ G. For g ∈ G, choose γ ∈ π 1 (M ) such that π(γ) = g and set
This defines a natural action of G on V ρ (t 1 , . . . , t n ) ⊗ π1(M) C * ( M ; Z).
Further observe that, since for any lift γ of g, γ is not contained in p(π 1 (M )), we can not reduce the right hand side in Equation (5).
Proof. Take another lift γ ′ in π 1 (M ) of g ∈ G. Since γ ′ =γγ for someγ ∈ p(π 1 (M )), we can see that xγ
The proof of Theorem 1 is based on the following technical lemma. 
